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Abstract 

We study the Scherk-Schwarz super symmetry breaking in five-dimensional orbifold theo- 
ries with five-dimensional fields which are not strictly localized on the boundaries (quasi- 
localized fields). We show that the Scherk-Schwarz (SS) mechanism, besides the SS pa- 
rameter u, depends upon new parameters, e.g. supersymmetric five-dimensional odd mass 
terms, governing the level of localization on the boundaries of the five-dimensional fields 
and study in detail such a dependence. Taking into account radiative corrections, the value 
of u is dynamically allowed to acquire any value in the range < uj < 1/2. 

1 gero@ifae.es 

2 pilo@shpht. saclay.cea.fr 

3 quiros@ifae.es 

4 rayncr@pd. infn.it 

5 antonio .riotto@pd . infn . it 



1 Introduction 



Gauge theories in more than four dimensions are interesting due to the appearance of new 
degrees of freedom whose dynamics can spontaneously break the symmetries of the theory. 
In particular, the dynamics of Wilson lines, which become physical degrees of freedom on a 
multiply-connected manifold and parametrize degenerate vacua at the tree level, can lift the 
vacuum degeneracy after quantum corrections are included. This is the so-called Hosotani 
mechanism 0. On the other hand, on multiply-connected manifolds, non-trivial boundary 
conditions imposed on fields can affect the symmetries of the theory. This mechanism was 
proposed long ago by Scherk and Schwarz (SS) for supersymmetry breaking [2], which re- 
mains one of the open problems of the theories aiming to solve the hierarchy problem by 
means of supersymmetry. In five- dimensional (5D) theories compactified on the orbifold 
5 1 /Z 2 , the softness of the SS supersymmetry breaking was demonstrated by explicit calcu- 
lations [3] and interpreted as a spontaneous symmetry breaking through a Wilson line in 
the supergravity completion of the theory [HE]. This means that the Hosotani mechanism 
to break local supersymmetry and the SS mechanism are equivalent In particular such 
mechanisms to break supersymmetry arise from the vacuum expectation value (VEV) of 
an auxiliary field (V§ + iV 5 2 ) of the 5D off-shell supergravity multiplet that appears in the 
low-energy effective theory as the auxiliary field of the N = 1 radion supermultiplet 



where h MN is the 5D metric, B M the graviphoton, and ip l M the gravitino, where the indices 
i — 1,2 transform as a doublet of the SU(2)r symmetry. Making use of SU(2)r we can 
orientate the VEV along, e.g. and define the VEV 



in terms of a parameter u (where R is the radius of S 1 ). The tree-level potential in the 
background of (jl.2j) is flat, reflecting the no-scale structure of the SS breaking. However 
this degeneracy is spoiled by radiative effects. In particular for a system of Ny vector 
multiplets and Nh hyperscalars in the bulk, the one-loop effective potential was computed 
in Ref. [7] to be 



n= {h 55 + iB 5 ,ip 2 5L ,v 5 l +iv 5 2 ) , 
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where the polylogarithm function is defined as 

OO jfj 

Lin(x) = J2^ ■ ( L4 ) 

k=l 

Notice that potential (jl.3|) has a minimum at u = (u — 1/2) for iV/, > 2 + Ny (iV/, < 
2 + iVy) depending on the propagating bulk matter, while it does not depend on the N = 1 
supersymmetric matter localized at the orbifold fixed-points y — 0, 7nR. 

The localization properties of KK wave functions can be altered by adding a bulk 
mass term (possibly with a non-trivial profile in the fifth dimension) to achieve (quasi)- 
localization of bulk fields at the fixed-point branes jHj- In particular, we will be interested 
in 5D hypermultiplets with odd-parity bulk masses, where such mass terms can also be 
thought as localized Fayet-Iliopoulos (FI) terms corresponding to a U(l) gauge group un- 
der which hypermultiplets are charged. These FI terms, even when absent at tree-level, 
are generated radiatively jU]. This issue was analyzed in detail in where it was shown 
that the 5D supergravity extension of a FI term could be made for a flat theory where 
the gravitino has zero U(l) charge, i.e. where the R-symmetry is not gauged. Moreover an 
odd mass term can exist even in the absence of a FI term for global supersymmetry. In 
the supergravity extension it should follow from the graviphoton Bm gauging, the mass of 
each hypermultiplet being proportional to its gravicharge Qb- So, in the absence of a FI 
term (in which case the gravitino is coupled to the graviphoton but not to the U(l) gauge 
boson) or even if there is no U(l) factor, an odd supersymmetric mass can be introduced 
for gravicharged hypermultiplets. This provides a very general mechanism for localization 
of bulk hypermultiplets. 

In this letter we will study the Hosotani mechanism in 5D theories compactified on the 
orbifold S 1 /^ in the presence of quasi-localized fields which are not strictly localized at 
the boundaries. Note that fields which are strictly localized to the boundary fixed points 
with delta functions are four- dimensional fields and therefore do not couple directly to 
the Wilson line: as such, they cannot affect the dynamics of the Wilson line. However, 
if five-dimensional fields are localized on the boundaries by some mechanism, e.g. by a 
five- dimensional mass term, they can still have an influence on the dynamics of the Wilson 
line. In particular, we expect that the selection (at the quantum level) of the vacuum of 
the underlying gauge theory depends on some new parameter(s) quantifying the level of 
localization on the boundaries of the five- dimensional fields. If this parameter is a five- 
dimensional mass term M and if, for \M\ — ► oo, strict localization is attained, we expect 
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the effect on the Wilson line dynamics to disappear in the limit of very large \M\. Here we 
will restrict ourselves to study the effects of quasi-localized fields on the SS-mechanism for 
supersymmetry breaking. In general, we expect the SS-supersymmetry breaking parameter 
to depend upon the new parameter \M\. We will leave the analysis of such effects on the 
spontaneous symmetry breaking in five-dimensional gauge theories for a future publica- 
tion TJ\. 

This letter is organized as follows. In section 2 we will give a short review of the SS 
and Hosotani mechanisms in a 5D orbifold. In section 3 we will calculate the Kaluza- 
Klein (KK) mass spectrum and corresponding wave functions for hypermultiplets with 

arbitrary SS-supersymmetry breaking parameter uj and odd supersymmetric bulk masses 
M. Section 4 is devoted to the actual computation of the effective potential and the 
dynamical determination of the value of the VEV of the SS-parameter is done in section 5. 
Finally in section 6 we draw our conclusions. 

2 SCHERK-SCHWARZ/HOSOTANI BREAKING ON AN ORBIFOLD 

In this section we will review and compare the Scherk-Schwarz and Hosotani symmetry 
breaking mechanisms in 5D orbifold models. We will consider the spacetime manifold 
M. = M 4 x C, where the compact component C is a coset (singular) space M./Q. In our 
case Q is the semi-direct product Q = Z x Z 2 . Calling r and £ the generators of Z and Z2 
respectively, they act as 

r(y)=y + 27rR, ((y) = -y . (2.1) 

The action of Q has two fixed points and tiR and the resulting space is an orbifold. A 
generic field is defined on M. by modding out the action of Q, 

<P(x,r(y))=T<P(x,y) ; (2.2) 
cj>{x,av)) = Z4>{x,y) ■ (2.3) 

where T and Z are global (local) symmetry transformations represented by suitable matrices 
acting in the field space. From T-(-r(y) = ((y), we obtain the following consistency relation 
TZT = Z. The element (' = (t of Q generates a second Z 2 transformation and Q can be 
equivalently considered as generated by ( and In general the action of (' in field space 
Z' = Z T does not commute with Z. The modding-out in Eqs. (|2.2|) - ([2.3|) can be used to 
break softly some (or all) of the symmetries involved in the non-trivial boundary conditions. 



3 



As for matters fields, Q acts also on the gauge fields V M , and if g is a generic element of 
Q, we have 

V a (x,g(y)) = c M A q ab V b (x,y) (no sum on M) , c A ={ M = . (2.4) 

M v ^\ya M g M K ,yj \ J, u y dyg ( y } M = 5 ^ > 

Requiring that the covariant derivative of matter fields transforms consistently, e.g. 

<f>{x,g(y)) = M g (j)(x,y) 

(2.5) 

D M <p{x, g(y)) = c M M g D M (p(x, y) (no sum on M); 

we get 

M g T a M~ l =T' a = A g ab T b . (2.6) 

Thus, as a result, Q acts on the Lie algebra of the gauge group G as an automorphism. 
Finally, imposing that a gauge transformation does not alter (J2.4)) it follows that the asso- 
ciated gauge parameters £ a satisfy the relation 

e(x,g(y)) = A 9 ab e(x,y) . (2.7) 

Let us now focus on the case G = SU(2) and matter fields transforming as doublets. 
One can represent the T and Z symmetry transformations in field space as 

T = e— , Z = Z Lor 0a 3 , Z Lor = { 1 g . ; (2.8) 

Z7 5D Dirac rermions 

where the matrix Z^ or acts on the Lorentz indexes. A non-trivial twist T triggers Scherk- 
Schwarz breaking. However, when the SU(2) symmetry is gauged, the SS-mechanism is 
equivalent to spontaneous breaking by the Hosotani mechanism. Making the choice (|2.8j) 
for the matter fields, we have that the automorphism in Eq. (J2.6)) is given by 



A c = -1 . (2.9) 




Notice that when uj ^ 0, SU(2) is completely broken, while the case u = corresponds to 
the breaking pattern SU{2) — > £7(1). The case uj = 1/2 is special: [Z,Z f ] = 0, Z = as, 
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Z 1 = e<7 3 , e 2 = 1, and the KK modes can be classified according to the two independent 
parities 6 . 

In the Hosotani basis ip the gauge potential has a non trivial VEV (V M ) = —$ 5 M ojR~ 1 o~i 
and the twist T is trivial. The SS basis and the Hosotani basis <p are related by the 
following non-periodic gauge transformation 



In the SS basis the field satisfies twisted boundary conditions and the background gauge 
field is vanishing. Also note that a constant VEV for V 2 (x, y) is allowed only if V 2 (x, y) 
is even, and only the part of the breaking corresponding to the twist can be viewed as 
spontaneous. 



Let us now consider a supersymmetric hypermultiplet ((p l ,ip) in five-dimensions with a 
localizing odd-parity mass term M{y). Its Lagrangian is 



L = \V MV \ 2 + iip'~y M D Mip + M(y)W> - M 2 (y) \<p\ 2 + d 5 M(y) (y?W) . (3.1) 



where M(y) = i](y)M, and r)(y) is the sign function on S 1 with period ttR, which is 
responsible for the localization of the supersymmetric hypermultiplet. Working in the 
Hosotani basis, the "covariant derivative" is given by V M = D M + io- 2 R~ 1 u 5ms, where D M 
is the normal covariant derivative with respect to the gauge group, and <p = (y? 1 , y? 2 ) T is a 
doublet upon which the a, matrices are acting. 

Setting ip(x,y) — > e~ tpx (p(y), the free part of the equations of motion (EOM) become 



d 2 5 +m 2 -M 2 - — -2M[5(y)-5(y-7iR)]a 3 + 2i -a 2 d 5 \cp = ; (3.2) 



where we have used the on-shell condition p 2 = m 2 . Integrating over a small interval around 
y — 0, nR we obtain the following boundary conditions for the even component ipi'. 




(2.10) 



3 Kaluza-Klein mass spectrum 




d 5Vl (0 + ) =M^(0) 
d b ipi(n~) =Mip 1 (n) 



(3.3) 



This case is often considered in the literature without referring to SS breaking. 
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while those for the odd component (f2 are 

¥> 2 (0) = ^ 2 (vr) = 0. (3.4) 

The solutions of ()3.2j) in the interval (0, irR) subject to the previous boundary conditions 
are given by 

^y) = e~^y/ R <P(y) ■ (3.5) 

where 4>{y) is the SS-wave function given by 

/ M 
4>i =c I cos Vly + — sin VLy 



c tan curt ( cot ilnR + — J sin Yly ; 



(3.6) 



where c is a normalization constant and Q 2 = m 2 — M 2 . The 4D mass spectrum is given 
by 

M 2 + Q 2 . 



sin LUTC 



tt 2 



sin 2 QttR . 



(3.7) 



with solutions providing the mass-eigenvalues and mass-eigenfunctions that are given in 
()3.5|) and ()3.6|) . Even though we cannot solve analytically ()3.7|) to find the mass-eigenvalues 
m, we can consider two interesting limits. For Q 2 ^> M 2 we have the approximate solutions 
Q„ ~ (n + u)/R. Most interestingly, for m <C \M\ we get a very light state with mass 
eigenvalue 



9 „ , 9 sin to 
m 2 Q ~ M . 1 2 — " 



(3. 



sinh 2 (M7ri?) 

The exact numerical solutions of Eq. ()3.7|) and the approximation from Eq. ()3.8|) are com- 
pared in Fig. [T] 

The wave function corresponding to the eigenvalue (|3.8|) is given, for M > 0, by 



=^2|M|i2 cos 
^ =^2\M\R sin 



^M{y-KR) 



(3.9) 



and for M < 0, by 



V?? = v / 2jil4R cos 



V2|M|i? sin 



ury 
R 
ury^ 

Vr. 



\M\y 



-\M\y 



(3.10) 
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(m R) 2 



(m R) 2 
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Figure 1: The "lightest" state mass rriQ as a function of MR for different values of uj: a) 0.05; b) 
0.2; c) 0.35 and d) 0.5. Full line (red) is the numerical result from ()3.7j) and dashed-line (black) 
the analytical approximation in (|3.8|) . 

where we have taken the approximation \M\ttR > 1 that is well justified from Fig. The 
even-parity (p® state described by the wave function (|3.9jl is quasi-localized at the brane 
y = nR, while the one described by ()3.1U|) is quasi- localized at the brane y = 0. Notice 
that these become strictly localized in the limit \M\ — > oo. 

The EOM of fermions i/j are easily obtained from the Lagrangian (|3.1|) . Decomposing 
into 4D chiralities, ipi,R and assigning an even (odd) parity to ipL {^r) one can decompose 
the fields in plane-waves, iPl,r( x ,v) — exp(—ip ■ x) <pi i2 (y) where p 2 = m 2 with m the 
mass eigenvalues, ipi^ (y) the mass eigenfunctions, and ^ is a constant two-component 
spinor. From here on one could perform a similar analysis to the bosonic case, taking into 
account that fermions are not affected by the SS-breaking, as shown in (|3.1j) . However this 
is not necessary since we can use supersymmetry to write the final result. In fact the mass 
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eigenvalues are given by (|3.7j) for u = 0, i.e. 

m 2 n = — + M 2 (l-S n0 ) . (3.11) 

In particular the lightest eigenstate is massless, mo = 0. The corresponding eigenfunctions 
<Pi 2 (y) can be read off from Eqs. ()3.9|) and ()3.10|) with uo = 0. The even fermions ipl are 
then quasi-localized at the branes y = 0, ttR depending on the sign of the bulk mass M. 



4 Effective potential 

The first step in the dynamical determination of uj is to compute the contribution of hy- 
permultiplets to the effective potential K//- We have 

74^ r A<±„ 



d p W(p) 



1' ' '•>'» ' 

n 



(27T) 

(4.1) 

2\ 



where p is the 4d Euclidean momentum and Nh is the number of hypermultiplets with a 
common odd bulk mass M. Although the mass relation (j3.7J) cannot be solved analytically, 
following the techniques of Refs. ^21 EH! we can perform the infinite sum to find W(p) - 
or rather its derivative d p W(p) - without requiring explicit analytical expressions for the 
KK masses. First, we convert the sum over KK mass-eigenvalues into a contour integral C 
around the infinite set of solutions of Eq. (|3.7|) along the real axis: 

d W ^ 1 f dz 1 d , . 

^=^^2 = P Jc^n WT^) ~dz {Z) ; ( } 

where K{z) = (z 2 - M 2 ) sm 2 (un) - m 2 sin 2 (irRy/ z 2 - M 2 ) . (4.3) 

The contour C encircles all the eigenvalues on the real axis, but avoids the poles of the 
integrand in Eq. (J4.2j) at z = ±ip. We can deform C into another contour C around the 
imaginary axis, with a small circular deformation close to the poles at z = ±ip. Since the 
integrand is odd in p along the imaginary axis, we find that only the residues at z = ±ip 
contribute. The final result is 

W(p,w) = ^ln (p 2 + M 2 ) cos(2cjvt) - M 2 - p 2 cosh (2nR^p 2 + M 2 j + const . (4.4) 
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Note that due to 5D supersymmetry and Lorentz invariance, we cannot write a local opera- 
tor using only V 2 , which implies that (at one loop) V e ff must be finite. Indeed the divergent 
part is (^-independent, which can be shown by subtracting the fermionic part W(p, uj = 0): 



Veff = 2N. 



H 



d A p 

2Xn f d 4 p 



(27T) 



111 



W{p,uj) - W(p,u = 0) 

(p 2 + M 2 ) sin 2 (cj7r) 



(4.5) 



1 + 



p 2 sinh 2 (irR ^Jp 2 + M 2 



In the limit of vanishing bulk mass, Eq. ()4.5|) recovers the standard expression for the 
effective potential involving polylogarithms in Eq. (jl.3|) . 

It is also convenient to find an analytical expression for VJ=// in Eq. (|4.5jl in the limit 
that 2\M\nR > 1. We have 



2N, 



H 



eff 



d 4 p 



In 



1 + 



4 (p 2 + M 2 

p2 



sin (ujtt) e V m 1 



(4.6) 



which can be computed analytically by expanding the logarithm to give 



V. 



2 JV 

e// ^32^ Sin2(W7r)F(M7ri?) ; 



(4.7) 



where 



F(x) = e~ 2x [3 + 6x + 6x 2 + Ax 3 ] . (4.8) 
We have checked numerically that ()4.7|) is a good approximation of ()4.5|) when 2\M\nR > 1. 



5 Dynamical determination of SS-parameter 

The effective potential in (|4.7|) arising from bulk fields with an odd parity mass has a 
minimum at u = and a maximum at u = 1/2. However, when this is combined with the 
potential (|1.3J) generated by bulk fields without bulk masses for the cases where it has a 
minimum at oj = 1/2 and a maximum at uj = 0, the resulting total potential can have a 
global minimum at intermediate values < uj < 1/2. In fact if we have a situation where 
the number of hypermultiplets with zero bulk masses Nh is such that < 2 + Ny and 
the potential ()1.3|) has a minimum at uj = 1/2, then by adding hypermultiplets with a 
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common mass M, the critical value of the mass M* for which u — 1/2 becomes a maximum 
and the minimum is shifted to uj < 1/2 is provided by the solution of the following equation, 

9(2 + Ny — Nh) C(3) = 4iV# F(M*nR) ; (5.1) 

which is valid for values \M\tcR > 1 for which the approximation leading to ()4.7|) holds. 
For instance, consider the case where all three generations of quarks and leptons live in the 
bulk with a common mass M > 0. From Eq. (|5.1j) we find that the minimum at u = 1/2 
is destabilized for values of M*i? ~ 0.78. 



V e ffR 4 

n 16 
15 
14 
13 
12 



0.2 0.4 0.6 0.8 1 



Figure 2: Effective potential (in units of 10 4 ) with Ny = 12, Nh = and iV# = 45 for values of 
MR = 0.72 (full), 0.74 (dashed), 0.76 (dot-dashed) and 0.78 (dots). 

This is shown in Fig. |21 where the effective potential is plotted as a function of u for 
several values of M and in Fig. El where the minimum of to is plotted as a function of MR. 
Of course if there are several sets of hypermultiplets with different masses (localizations) 
those with smaller masses (less localized) provide the leading contribution to the effective 
potential. For instance in the example above, localized states with masses MR 3> 1 would 
not alter the dynamical minimization with respect to uj. 

6 Conclusions 

In this paper we have shown that the SS-mechanism for supersymmetry breaking in five- 
dimensional orbifold theories is affected by the level of localization of five-dimensional fields 
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Figure 3: Plot of u> as a function of MR for the particle content of Fig. [2] 



on boundaries. Indeed, the SS supersymmetry breaking parameter uj turns out to be a 
function of the localizing mass term M. The value of the VEV of the parameter u is 
fixed by one-loop corrections and, in the absence of quasi-localized five-dimensional fields, 
is fixed to be either or 1/2 depending on the number of bulk hypermultiplets and vector 
multiplets. However, with quasi-localized fields, the VEV of the SS parameter can assume 
any intermediate value. 

Our results can be generalized to the case in which the five-dimensional symmetry is 
a gauge symmetry. This is particularly interesting in theories where the Standard Model 
Higgs boson can be identified with the extra dimensional component of a gauge boson 
and the higher dimensional gauge group is broken to the Standard Model group by the 
orbifold action. In that case the Standard Model symmetry can be radiatively broken by the 
Hosotani mechanism and the Higgs boson mass is protected from bulk quadratic divergences 
by the higher dimensional gauge theory without any need for supersymmetry ^3]. We 
are presently investigating how our results can be extended to such theories in order to 
reproduce satisfactory Yukawa couplings and Higgs potentials. 
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